We present a detailed study of variations observed in low-angular degree solar p-mode frequencies during solar cycles 22 and 23, and their relation to global and spatially decomposed proxies of the surface activity. To do so, we have analysed 11 yr of unresolved (Sun-as-a-star) Doppler velocity observations of the solar disc made by the Birmingham Solar-Oscillations Network (BiSON). The sensitivity of these observations to different azimuthal orders, m, is such that for the degree range studied (0 2) extracted frequencies can be regarded as providing a measure of the response of the sectoral modes (with |m| = ).
Third, a study of this type serves to demonstrate the diagnostic potential of future analyses of observations of other solar-like stars.
To effect our study we have analysed some 11 yr of data collected by the Birmingham Solar-Oscillations Network (BiSON). These observations were made between 1991 February 1 and 2002 January 10, i.e. over the declining phase of activity cycle 22 and the ascending phase of cycle 23. This epoch spans approximately Carrington rotation numbers 1838 through 1985. We analyse in detail the characteristics of the shifts -and their relation to several well-known proxies of the surface activity -on each of the falling and rising phases of the activity cycle, with the added caveat that the two parts studied lie on successive numbered cycles. Even though the two cycles have different maximum levels of activity, our results are not dependent on this since it is the gradient, or frequency shift per unit change in activity, that is studied. Furthermore, we present the first ever analysis at low of how well the shifts follow variations in the appropriate spherical harmonic components of certain activity proxies, rather than their more-often used full-disc counterparts.
DATA A N D F R E Q U E N C Y-S H I F T E X T R AC T I O N

Full-disc data frequencies: what do they measure?
Each BiSON instrument makes Doppler velocity observations that are averaged over the visible disc. The visibility of each mode in this full-disc, or 'Sun-as-a-star', data depends upon the average of its displacement pattern over the disc and the projection of this with respect to the solar rotation axis. The axis lies close to the plane of the sky when viewed from Earth so that only components of even l + m are clearly visible. At = 1, the zonal (m = 0) mode is therefore absent. At = 2, the sectoral components are observed to be the most prominent. These have m = ± . When observed in a power spectrum made from BiSON data, the l = 2, |m| = 2 peaks are a factor of 1.8 larger than their m = 0 neighbours. Since mode visibility declines markedly with increasing angular degree, we have chosen to restrict our analysis to 2. A set of full-disc observations yields a single time series whose frequency spectrum will contain many closely spaced resonant peaks. This means the resonant parameters must be extracted by fitting the components of a multiplet simultaneously giving, in effect, a single frequency estimate, ν FD n, , for each mode. The estimate will correspond to some linear combination of the frequencies of the constituent m observed in the multiplet. At = 0 the fitted frequency will therefore be an estimate of the single component present; at = 1 it will be of the mean of the observed sectoral components. The case of = 2 is, however, less trivial.
Here, three components are observed whose arrangement in frequency may not necessarily be symmetric (e.g. at times of high surface activity). However, very long full-disc data sets are required to even attempt to extract some measure of the departure from a symmetric pattern (Chaplin et al. 2003) . This is not possible in the short data sets needed to follow the solar cycle (e.g. we have divided the BiSON data into 108-d segments). In what follows we therefore use a fitting model that assumes the constituent peaks are arranged symmetrically in frequency within each multiplet. This is common practice for Sun-as-a-star data, and has recently been coined the 'traditional' fitting approach by Chaplin et al. (2004b) . As has been shown by Chaplin et al. (2004a) , the frequency estimate thereby extracted is largely a measure of that of the mean of the sectoral components since these are the strongest observed. In fact, they showed that over the range 2200 ν 3500 µHz:
Given the precision with which the frequencies can be determined in a 108-d set, solar-cycle shifts extracted from the fitted ν FD n,2 are consistent, to within observational uncertainty, with those expected of the = 2, |m| = 2 modes only. As such, our fitted values may be regarded as a robust measure of the sectoral quadrupole shifts.
In contrast, resolved observations that image the Sun on to many pixels (e.g. those made by the ground-based GONG network, or the MDI and VIRGO/LOI instruments on board the ESA/NASA SOHO satellite) allow the capability to decompose the data on to different combinations of and m (albeit with some spatial leakage since less than half the Sun is observed at any one time).
The full set of m frequencies thereby extracted are usually described using a polynomial expansion of the type:
where j max 2 , and the basis functions are polynomials related to Clebsch-Gordan coefficients (Ritzwoller & Lavely 1991) . The offset term in the expansion, ν RES n,l , is the so-called central frequency of the multiplet (i.e. its centroid). This reflects the spherically symmetric part of the solar structure. As should now be clear from the above, it is important to recognize that ν
Detailed expressions relating the two can be found in Chaplin et al. (2004b) .
Extraction of frequency shifts
The 11-yr BiSON time series was first split into 37 contiguous segments of length 108 d (i.e. a multiple of the ≈27-d solar rotation period). The resonant peaks in the power spectrum of each piece were then fitted in the 'traditional' manner described by Chaplin et al. (1999) to yield epoch-dependent estimates of the low-eigenfrequencies, ν n (where we drop the 'FD' for clarity).
First, a subset of seven contiguous spectra were selected -spanning the period 1995 July 10 through 1997 August 3 -made from data collected at low levels of solar activity. The fitted frequencies from these data were then averaged at each (n, ) to yield mean full-disc estimates of the eigenfrequencies at low activity. These then served as a reference against which to compute the shifts for all modes in every set.
In order to study the dependence on with better precision, the individual shifts were averaged in each spectrum over the aforementioned 2200 ν 3500 µHz (a range spanning ten orders in the overtone number n). To do so we first removed the dependence of the shifts upon: mode frequency; and also inertia at fixed frequency. Any dependence then remaining would reflect the differing spatial sensitivities of the modes, plus any other contributing effects. It is this variation we seek to uncover and study.
The dependence of the shift on mode inertia scales directly with the inertia 'ratio', Q n, . This is defined (Christensen-Dalsgaard & Berthomieu 1991) according to:
where E n, is the inertia of the mode andĒ(ν n, ) corresponds to the inertia that a radial ( = 0) mode would have at the same frequency. The multiplication of each (n, ) datum by Q n, therefore renormalizes the shift to that expected for = 0 mode inertia. It is worth noting that over the range of considered here (0-2) the change of inertia with angular degree is negligible; we nevertheless chose to include this correction for completeness. In contrast, the change of shift with mode frequency is rather more pronounced. In order to allow us to compute a straightforward, unbiased average over several n, we require some parametrization of this that can then be used to correct the low-shifts. Chaplin et al. (2001a) studied this dependence using resolved-Sun-data centroid frequencies (the ν RES n, in equation 2) extracted from observations made by the GONG network. These were scaled by the inertia ratio to allow large numbers of data to be averaged at each frequency. Here, we assume to first order that the frequency dependence in our data has a similar form. This more than suffices, given the sizes of the uncertainties on the low-data.
We have parametrized the inertia-corrected shifts of Chaplin et al. as a fifth-order polynomial in frequency. Furthermore, since it is only the 'shape' we are interested in, we have normalized this to return a value of unity at a fiducial frequency of 3000 µHz, giving a function F(ν). For a given low-mode, ν n, , this measures therefore the fractional amount by which the shift either exceeds or falls short of that expected at 3000 µHz. The function is plotted in Fig. 1 .
Returning to the 37 sets of BiSON data under study: if δν n, (t) identifies the shift of a given mode in a given spectrum, and σ n, its associated formal uncertainty (propagated from those returned by the mode-fitting procedure), both were first normalized to give a corrected shift, i.e. Mean -dependent shifts for every spectrum were then computed according to:
In constructing both the reference frequencies and the mean frequency shifts we applied the objective outlier rejection of Chaplin et al. (1998) .
The mean shifts at each , δν(t) , are plotted in Fig. 2 (points with error bars). We have applied a low-pass boxcar filter of width 1.5 yr to each set to give the smoothed shifts rendered in each panel as a solid line.
Selected activity proxies
In order to test the relation of each BiSON set to the changing level of surface activity we have regressed the shifts against contemporaneous 108-d averages of several proxies of the surface activity, these being: the longitudinal magnetic field measurements made by the NSO/Kitt Peak Observatory (the Kitt Peak Magnetic Index, or KPMI; see Harvey 1984) ; the equivalent width of the 1083-nm He I emission line, again as observed by Kitt Peak (Harvey & Livingston 1994) ; the 10.7-cm radio flux; and the International Sunspot Number, R.
In addition to the KPMI and He I full-disc averages, we have made use of projections of both sets of observations on to different spherical harmonic components (kindly provided by R. Howe and R. Komm). The same procedure used by Howe, Komm & Hill (2002) was applied to derive these data. Taking as an example the KPMI observations, after averaging over longitude these give estimates of the absolute line-of-sight component of the magnetic field, B, as a function of heliocentric colatitude θ. At a given epoch, t, the projection on to component ( , m) is then proportional to (cf. equation 9 of Howe, Komm & Hill)
where the P m are Legendre polynomials. The full integral is given the standard normalization.
We made 108-d averages of the appropriate Legendre component to compare with the p-mode shifts at each . At = 0 and 1 -where the only modes observed have ( , |m|) of (0, 0) and (1, 1) -the obvious choices were the (0, 0) and (1, 1) components of the activity data. At = 2, modes with both (2, 2) and (2, 0) are observed. However, as discussed in Section 2.1, it is the stronger (2, 2) components that largely determine the extracted frequency. We therefore chose the (2, 2) activity component for this .
The fractional uncertainties in the 108-d activity averages are typically less than 1 per cent (as determined from the interquartile distance on the daily values); this is to be compared with the much larger fractional uncertainties, of the order of ≈20 per cent, associated with the low-average p-mode shifts. The activity averages were therefore taken as the independent variable in all fits. In these, we assumed a linear dependence of the frequency shifts on each activity proxy (having found no significant evidence for there being a different functional dependence, at the level of precision of the observations).
R E S U LT S
Dependence of shift on angular degree
We begin by assessing whether the observed magnitude of the frequency shifts varies with . To enable a direct visual comparison with the activity data in the middle and right-hand panels of Fig. 3 , the left-hand panel shows the overlayed = 0, 1 and 2 shifts after the application of a 1.5-yr boxcar filter ( = 0 shift rendered as a solid line; = 1 as a dotted line; and = 2 as a dashed line). An inspection of these data suggests that the minimum-to-maximum swing may be smaller at = 0. To test this we have performed a linear fit of the unsmoothed shifts to the various proxies, in the first instance over the complete 11-yr period.
The resulting fitted linear regression coefficients are given in the second column of Table 1 where for each fit we show also the Pearson correlation coefficient, r p . The sampling distribution of r p is markedly non-normal in nature. In order to expedite a meaningful comparison of the various correlations returned we have used Fisher's z transformation to convert r p to the normally distributed variable given in the table as z (e.g. Barlow 1995) .
In those fits made against the full-disc measures of activity the shifts at all are regressed against a common index (these being either the full-disc KPMI, full-disc He I, radio flux or Sunspot Number). As such, the returned gradients provide a direct measure of the relative magnitude of the shifts at the different angular degrees (in essence those of the outer, |m| = components). The final column of the table shows the difference -in units of sigma (combined error) -between the gradients extracted at = 1 and 2 and those found at = 0. For the full-disc (non-decomposed) analyses, the main result of Table 1 is that over the period in question the = 0 shifts are, on average, some 30 per cent smaller than their = 2 counterparts (this from a comparison of each 'full-disc' set of gradients) with the effect significant at 3.5σ . This is broadly consistent with the prediction of Moreno shift is 15 per cent smaller than the = 1, this difference is not significant.
The most prominent modes observed by BiSON at = 1 and 2 are the sectoral components. They are sensitive predominantly to the varying activity at lower latitudes, where the most conspicuous solar-cycle changes occur. Here, large, strong-field structures contribute most of the observed magnetic flux (e.g. De Toma, White & Harvey 2000) . The zonal (m = 0) modes -observed clearly at = 0, but less prominently at = 2 -show in contrast a greater sensitivity at higher latitudes where strong-field magnetic structures are almost completely absent, and only weak-component flux is present. That the = 0 modes are shifted less in frequency than their highercounterparts, as is suggested by our analysis, is therefore to be expected if one assumes that those changes are the result of the influence of magnetic field structures (be that directly, via the Lorentz force, or indirectly, as a result of changes in stratification).
Since the magnitudes of the shifts ought to reflect the different spatial sensitivities of each ( , m) to the time-dependent variation of the surface distribution of the activity, a better choice for the activity proxy would clearly be one that has been decomposed to have a similar spatial distribution as the mode under study. The middle and right-hand panels of Fig. 3 show overlayed 108-d averages of the Table 2 . Results of fitting shifts at each to corresponding 108-d averages of the KPMI (both full disc and appropriate Legendre components) He I (1083 nm) equivalent width (again, full disc and Legendre components), the 10.7-cm radio flux and International Sunspot Number, but with the declining phase of cycle 22 and the rising phase of cycle 23 fitted separately. Given are: the linear regression coefficient; the Pearson correlation coefficient, r p , and its normally distributed transformation, z ; and the difference -in units of sigma (combined error) -between the gradients extracted at = 1 and 2 and those at = 0. The last column of the table gives the difference in the falling and rising-phase gradients for that row, normalized by their combined uncertainty. Quantitative confirmation of this is provided by the gradients returned in Table 1 for fits against the decomposed activity indices. The differences are reduced giving shift ratios with respect to the = 0 gradient (final column) that are consistent with unity at the level of precision of the data. Howe et al. (2002) performed a similar analysis by comparing medium-eigenfrequencies extracted from observations made by the GONG network with appropriate averages of the Legendre components of the KPMI on the rising phase of cycle 23. They averaged their results over 20 100 -giving smaller errors than are possible here owing to the greater number of accessible modesand 2800 ν 3200 µHz. The similar range of frequencies covered allows for a direct comparison with the 3000-µHz-normalized BiSON values. Howe, Komm & Hill found a gradient sensitivity of 27.05 ± 0.32 nHz G −1 for modes with |m| = . This value is slightly higher than the corresponding gradients extracted here (second part of Table 2 ). While the comparative sizes of the changes seen in the lowactivity components therefore match reasonably well those seen in the BiSON p-mode shifts, the correlation measures are in fact slightly lower than for the corresponding full-disc fits. Although these differences are not highly significant, they nevertheless point to additional complexity in the p-mode-proxy relations. As we now go on to discuss, these become apparent when the falling and rising activity phases are analysed independently.
Difference in behaviour on the falling and rising phases
In order to scrutinize the behaviour of the data on different parts of the activity cycle the complete data set was divided into two pieces: one covering the falling phase of cycle 22 (from 1991 February 1 to 1996 May 28) and the other the full rising phase of cycle 23 (1996 May 29 to 2002 January 10). Linear fits of the p-mode shifts were then made to each of the indices on the falling and rising parts separately, the results of which are presented in Table 2 . These reveal marked differences in behaviour between the two parts.
First, the -dependent difference in the size of the shift, as uncovered in the complete data set, is shown to be all but absent on the falling phase of cycle 22 (at the level of precision of the data). This is reflected by the data in the fifth column of the full-disc segments of the table. The differences are instead seen to reside largely on the rising part of cycle 23 (cf. column nine). However, as found in the full-cycle analysis once the decomposed indices are used the fitted rising-phase gradients come into line with one another.
Second, when the difference between the rising and fallingphased gradients is studied at each (final column), significant differences are found at = 1. These remain in the decomposed proxy gradients. Suggestions of such behaviour were found previously for the full-disc KPMI index by Chaplin et al. (2001b) in averages made over = 0 to 2; here, with the addition of extra data we have sufficient precision to uncover significant differences for individual degrees.
The effect of dividing the analysis between the two cycle phases is summarized visually in Fig. 4 . It shows the fitted shift gradients from Table 2 for the falling (squares) and rising (crosses) parts respectively. The upper panels display results where the appropriate Legendre component (left) and full-disc (right) KPMI proxies were used. The lower panels show the same for the He I data.
The use of the decomposed indices is seen to largely remove the gross difference between on the rising part. Again, this suggests the decomposed KPMI and He I offer a better spatial match to the modes (as expected) than do their full-disc counterparts. However, as indicated above, it still leaves a significant rising/falling-phase difference at = 1, implying the dipole modes are responding to changes not reflected in the activity data.
Interestingly, the relative sizes by of the decomposed-proxy gradients are the same for both the KPMI and He I (left-hand panels of Fig. 4) . Furthermore, the decomposed data for each part of the cycle show nearly mirrored behaviour, i.e. about the 22 nHz G −1 level for the KPMI and about 8 nHz mA −1 for the He I. This could be interpreted as suggesting the = 1 is out of step on both cycle phases, ascending more steeply (in time) than the decomposed proxy on the rising part, and descending less steeply on the falling part. However, the significance levels are such that it is hard to attribute exact amounts to either part.
Were the mismatch to reside largely on the rising part, a possible explanation would then offer itself. The proxy data respond to variations in activity at the photosphere and above. In contrast, the p modes studied are sensitive to a large volume of the solar interior. It is possible, therefore, that we are observing the response of the modes to the onset of the cycle beneath the photosphere; the mode frequencies therefore rise earlier in time, and it is only when flux begins to accumulate at the surface that the proxies begin to rise also. That the effect is only observed in the = 1 data may simply reflect preferential latitudes at which the subsurface generation of magnetic flux first occurs.
C O N C L U S I O N
We have made use of 11 yr of data collected by BiSON to study in detail the behaviour of variations of low-p-mode frequencies over the solar activity cycle. The first-ever comparison was made at low of the evolution in time of the extracted shifts with the corresponding spherical harmonic components of certain activity proxies, rather than their more-often used full-disc counterparts (with which we also compare). The selected data spanned the declining phase of cycle 22, and the ascending phase of cycle 23. The sensitivity of these full-disc, Sun-as-a-star data to different azimuthal orders is such that for the degrees under study ( = 0 to 2) the extracted frequencies can be regarded as providing a measure of the response for |m| = .
After having first removed the dependence of the frequency shifts on mode frequency and inertia, we found that the = 0 shifts were significantly smaller than their quadrupole counterparts. The comparative sizes of the shifts were observed to match those of the corresponding spherical harmonic (Legendre) components of both the Kitt Peak magnetogram (KPMI) and He I equivalent width activity indices. This reflects the spatial sensitivity of the observed mode components to the distribution of activity over the solar surface.
When the two cycle parts were studied independently, we uncovered a significant difference in the fitted shift-proxy gradients at = 1. This was present against both the full-disc and decomposed activity indices. The extent to which the mismatch resides on either part of the cycle is unclear. We suggest that on the rising phase, the difference may reflect the response of the modes to the generation of magnetic flux, and the onset of the cycle, beneath the surface. Since the activity proxies respond to changes at the photosphere and above, they would show a delayed response in time, giving the observed behaviour. That this is only seen at = 1 may reflect preferential latitudes at which magnetic fields are first generated.
